A G-version of Smale's theorem 



Imre Major 

ABSTRACT 

We will prove the equivariant version of Smale's transversality theorem: sup- 
pose that the compact Lie-group G acts on the compact differentiable manifold 
M on which an invariant Morse-function / and an invariant vector field X are 
given so that X is gradient-like with respect to / (i.e. X{f) < away from critical 
orbits and X is the gradient of / (w.r.t. a fixed invariant Riemannian metric) on 
some invariant open subsets about critical orbits of /.) Given a bound e > we 
will prove the existence of an invariant vector field Y of class for which vector 
field X + Y is also gradient-like such that: 

(a) ||r||i < e (||.||i is the norm). 

(b) The intersection of the stable and unstable sets of vector field X + Y taken 
at a pair of critical orbits of / is transverse when restricted to an orbit type of 
the action. 
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1 Introduction, basic concepts 

Suppose, that compact Lie group G acts on the compact orientable smooth mani- 
fold Af™ and let / : M ^ R be an invariant function (i.e. f{gx) = f{x) {g S G)). 
Fix an invariant metric g. If an orbit contains a critical point of / then, by in- 
variance, all points of this orbit are critical points and the orbit itself is called a 
critical orbit of /. Fix an invariant Riemannian metric g and at a point p € M let 

±p:= [TpG(p)]^ 

be the perpendicular complement of the tangent space to the orbit through point 
p and let 

Up := expp(_Lp (e)) 

where _Lp (e) is the e-disk about the origin in _Lp on which the exponential map of 
the Levi-Civita connection of metric g is injective. Then a critical point a; of / is 
also a critical point of f\u^- We say that the G-invariant function / is a G -Morse 
function if the Hessian ol f\u^ at a; is non-degenerate for each critical point x. 
This property does not depend on the choice of metric g (see e.g. Wasserman 0). 
Non-degeneracy of the Hessian also ensures that each critical orbit has an invariant 
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neighborhood (called tube about the orbit) that does not contain any other critical 
orbits. We can suppose, that GUx is such an invariant neighborhood. 

The induced action of the isotropy subgroup Gp at a point p G M: 

Gp X TpM/TpGip) ^ TpM/TpG{p) 
on the normal space is called the normal action (see e.g. Bredon [Q). 

pr : M M/G, p — > G{p) 
is the canonical projection. For a set N <Z M we use notation M := pr{N). 

Observe that the relation 

xr^y<^3{geG) 3 G^; = gGyg'^ {x, y e M) 
is an equivalence relation. The equivalence classes provide a partition 

M= U M„ (1) 

of M. The index set A is the set of conjugacy classes of isotropy subgroups of G. 
It is partially ordered by relation 

a<l3 ^ V(x e Ma) 3ye Mp 3 Gy C G^ 

(the property on the RHS does not depend on the choice of representative x G Ma). 

An index a € A (or submanifold Ma) is called an orbit-type and we say that 
a point p is of type a if p € Ma (in notation, [p] = a). Note, that Ma C M is 
a G-invariant subset. Theorem 4. of Chapter 3. in j^] implies that Ma and Ma 
are smooth manifolds and the partition in formula (1) is locally finite, thus A is 
finite when M is compact (cf. 4.3 Theorem, pg 187 and 10.4 Theorem, pg. 220 
in Q). Let rua :=dim{Ma), tria codim(MQ,) and Oa :=dim(G/Gp) (p S Ma). 
Notice that then dim(M) := m = + m;^ + Oa- An a-slice is a disk D C Ma 
which intersects an orbit at most once and along which the isotropy subgroup is 
constant, moreover the union of orbits GD is open in Ma- 

For an arbitrary subset Q C AI 

Qa:=Qn Ma 

is the a -part of Q. 

The set of differentials of left translations {dig | g € G} act on the tangent 
bundle TM . A vector field X is invariant under this action (called an invariant 
vector field) iff its flow is an eqivariant flow (i.e. for trajectory Xp of vector field 
X through point p 

holds.) This implies that the isotropy group is constant along trajectories, in 
particular, an invariant vector field is tangent to the orbit types. 

Definition 1. An invariant vector field X is gradient-like for the G-Morse function 
/if: 

(i) Each critical orbit has an invariant neighborhood U such that 

X\u ^ -gradg(/)|,7 

(ii) X{f) < away from critical orbits. 
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Definition 2. At a critical orbit O: 

Wo ^{peM\ ^ Hrn^ Xp{t) e O} 
is called the unstable set and 

W+ ^{pe M\ ^ Km^ Xp{t) E 0} 

is the stable set of the flow (of invariant vector field X.) (Notations 
Wq = Wq, Wq = Wq are also used in the hterature). 

Definition 3. A Morse chart about critical orbit O is given by: 

(i) A splitting of the normal bundle _Lo of O into two invariant orthogonal 
subbundles ±o = J-o © J-o- 

(ii) An equivariant diffeomorphism ijo ■ -^o{^) ^ Uq from the e-disc bundle of 
the normal bundle of O (with constant e) onto an invariant open neighborhood 
Uo of O {rjo is the identity on the zero section O of Lq) such that 

fo^o = -\\P-\? + \\P+f + f{0) 

where (P^, P^) : ±o ^ (^o; ^o) the projections that belong to the 
decomposition in (i). The open set Uq is called a Morse-tube. 

Observe that _Lq — > O and ±q — > O are G-vector bundles induced from the 
orthogonal representations on the Eucledian spaces _L~:=_L2; PI-Lq, L'^:—Lx n±Q. 
The restriction g|_Lo is a scalar product on vector bundle _Lo, thus it defines a 
Reimannian metric (, ) on Lq in the canonical way. The push-forward rio*{,) 
of this Riemannian metric along map rjo can be patched together with original 
metric g by using an invariant cutoff function. Thus we can presume that for the 
restrictions we have: 

g|c/o = VO*{,)\uo 

Lemma: (Equivariant Morse Lemma) Let / : M ^ R be a G-Morse function on 
a Riemannian G-manifold. Then there is a Morse chart about each critical orbit 
(see Wasserman 0]). 

Note that by the above lemma the stable and unstable sets are, in fact, invariant 
submanifolds of M. Let Oi , . . . , Ok be the set of critical orbits of /, and abbreviate 
W+ := W^^, etc. 

Definition 4. The gradient-like vector field X (or its flow A : M x R ^ M) is 
G-Morse-Smale if it is of class C-^ moreover n Ma and WjT n Ma intersect 
transversely as submanifolds of Ma for each choice oi a G A, I < j, k < K . (We 
refer to this property as relative transversality of stable and unstable submanifolds, 
or a-transversality, when the orbit type a is fixed.) 

As we wish to perturb a given gradient-like vector field by an invariant vector 
field (the flow of which thus keeps orbit types), the above definition seems to be 
the only plausible one for the G- version of Morse-Smale property. 

Theorem: For any given e > an invariant gradient-like vector field X can be 
approximated by a G-Morse-Smale vector field X' , which is also gradient-like for 
f such that \\X -X'Wi < e. 
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2 Proof of the Theorem 

Fix an invariant gradient-like vector field X for G-Morse function / on Riemannian 
G-manifold (M, g) (e.g. -gradg(/) is such a vector field). In order to ensure that 
the perturbed vector field is C^-closc to the original one, we need a family of special 
coordinate charts. Invariant charts would serve our purpose the best, however, we 
might not be able to arrange such charts with invariant domains (by compactness 
of group G, the domain of such a chart can't be an m-ball). 

Remark: As we will perturb vector field X within the Morse-tubes (which we have 
already fixed), we could measure the norm of the perturbing vector field with 
respect to the Morse-charts (and in some sense, this is what will happen). Still, 
for completeness of our discussion we wish to include the passage below, in which 
we introduce a special finite set of charts that cover M. 

As the boundary of an orbit type is the \mion of some lower dimensional 
orbit types that preceed a with respect to ^, a level can be associated to each 
orbit type: the closed ones being at level and inductively, at level i > we have 
the orbit types such that their boundaries contain orbit types of level at most « — 1 
and contains at least one orbit type at level i — 1. (The level is also called the 
depth in the literature.) 

For each orbit type fix a representative isotropy subgroup Gq, = Gp^ (where 

Pa G Ma), a coordinate chart {Ea, {x^"^"^'^~^^ , . . . ,a;™)) about the imit clement 
Ga of quotient group G/Ga, an open neighborhood E'^ C G/Ga of Gq such that 
-E'a C Ea and elements g\,..., g^" G G such that the translates 

9aE'a^ ■ ■ • 

cover G/Ga- Note that each orbit of type a contains a point with isotropy sub- 
group Ga ■ Let Nq, Ma be the normal bundle of orbit type . 

It is a well known fact that G is a principal bundle over quotient group G/Ga 
by the canonical projection G — > G/Ga with structure group Ga, so we can fix a 
section aa ■ Ea ^ G, (Ja{Ga) = e of this bundle over contractible neighborhood 

Ea (i.e. aa{gGa)Ga =gGa). 

Definition 5. A coordinate chart {U, {x^,. . . ,x'^)) is adapted to orbit type a if 

there exists a relatively compact a-slice U* C Ma with isotropy subgroup Gq, a 
coordinate chart {U*,Xa, ■ ■ ■ , a;™ ° )) (with respect to the smoothness structure on 
quotient manifold Ma), an index 1 < i < and e > such that: 

(i) U = exp(Na(e)|[/j) with f/^ = gl^Eall*, i.e. U is the exp-image of the 
restriction of the e-disc bundle of Nq to subset Ua- 

(ii) a;*(g) = a;^ opr oIIq oexp-^(g) {i = 1, . . . ,ma, q&U). 
(in) By clause (i), V r G f/ 3! pair {gGa, q) G Ea x U* such that: 

Hq oexp-^(r) = glgq 

holds. Define 

x'{r) = Xa{gGa), {i = ma+ma+l,.--,m) (2) 
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(iv) Fix an orthonormal frame bundle (vi, . . . , v„^±) of trivial bundle Ncl;/. 
and extend it to by VjiQagq) = <iLg.^„^(^gc^){vj{q)). Define: 

exp-i(r) =^x'""+'(r)vi {reU) (3) 
1=1 

Note that the first rria coordinates do not depend on the choice of the rest of the 
coordinates. For the definition of the C^-norm of a vector field we need to fix a 
compact subset within each chart, which we can get as follows: 

Fix K* c U* compact set, < e' < e real number and define 

if = exp(N„(e')kj.) C U 

with if^ = giMK*- 

We will call mt{K) the strong interior of chart {U, {x^, . . . , x"^)). In the sequel we 
will presume that each adapted chart has a fixed compact set in its interior (even 
if we don't state this explicitely). 

To cover M choose adapted charts 

{Uj,ix],...,xf)) (j = l,...,io) 

so that their strong interior cover the level-0 orbit types. Then the complement of 
the union of strong interiors of these charts in any of the level-1 strata is compact, 
so it can be covered by the strong interiors of 

{Uj,{x],...,x^)) (j=jo + l,...,ji) 

so that each chart is adapted to the stratum at issue, a.s.o. Finally we get a finite 
family of adapted coordinate charts so that their strong interiors int(ifi), . . . ,mt{Kj^) 
cover M (here L is the highest level). 

Given a vector field Y with local coordinates: 

™ d 

i=l 

its C^-norm is defined as: 

r||,:=E(»pl,.|+.up||,.-|) (4) 

We will perturb vector field X into a G-Morse-Smale vector field in succession 
of increasing order of the level of strata. Although domains Ui, . . . , Uj^ cover M, 
each stratum has parts covered by some of the Uj 's that are adapted to a stratum 
at a lower level. To attain a-transversality, we should adjust X in charts that are 
adapted to orbit type a. It seems so that in order to end up with a vector 
field, we need to modify vector field X in finite steps. To cover a non-compact 
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stratum, however, we need to use infinitely many adapted charts. To overcome 
this discrepancy, for each orbit type a we will choose a countable family of adapted 
coordinate charts with set of domains Q*-"-* which is a finite union 

g(a) =q(");1 u...ug(")''='' 

of sub- families such that: 

Property I. For a fixed i — 1, . . . ,ka the closure of domains in 

QW^^ = {Qp,gp,...,Q(")^...} 
are pairwise disjoint. 

Property II. The strong interiors of domains in Q^"-* cover Mq,. 
Property III. 

Qj"''* n Q^f^'^ 7^ => a and (3 can be compared w.r.t. -< 

Remark: Given a family of open subsets about strata, it is standard to impose a 
condition similar to Property III. (see e.g. Mather It is also shown there, that 
arbitrary system of tubes about strata can be trimmed down so that Property III. 
holds. 

Definition 6. A cover of each stratum by adapted charts with the above three 
properties is called a stratified cover of M. 

Proposition 1. A compact G-manifold has a stratified cover. 

Proof: We have already constructed a finite cover of each level-0 strata. For an 

orbit type Ma at the (fc + 1)* level the complement Ma \ U [/, is compact so it 

can be covered by the strong interiors of finitely many adapted charts, thus it is 
enough to choose a stratified cover for each set 

Ma r\Uj 1 < J < ik 

separately. For fixed j domain Uj is adapted to Mp for some [3 ^ a. Choose e' < e 
and let S^' C denote the e'-sphere bundle of the normal bundle of stratum 
Mp. The level of orbit type {exp\u.)~'^{Ma) n S^' of the normal action is at most 
k, thus by induction we can choose a stratified cover Q'*-"' of the subset 

{S,,)a ■■= (exp|[;J-i(M„)n^,. 

This means that family Q'^"-* is a finite union 

where each subset Q''-"-''* consists of relatively compact open sets (in the topology 
of S'e') with pairwise disjoint closure. Consider the subsets 
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Let 

Q^^y'' := {{a, b)xQ\ (a, b) e Ri, Q G Q'^"''*} 
:= {(a, b)xQ\ {a, b) G R2, Q G Q'^"'-'}. 

Then the exp-images of sets Q^"'-', 0^"^'' (i = 1 . . . , fc) provide a stratified cover 
for Ma n Uj. (Pairwisc disjointness and relative compactness follow trivially; in- 
tervals (a, h) can serve as new coordinates.) I 

Notation: In each step X will denote the invariant gradient-like vector field that 
has already been adjusted along certain strata (so we will not re-denote X in every 
single step). 

For the proof of our theorem suppose inductively that relative transversality 
of ascending and descending submanifolds has been attained below critical level 
f{0) = c. Fix critical orbit O and a Morse-chart rjo ■ ^o(e*) Uq about O. We 
will perturb X by an invariant vector field with support contained in the Morse- 
tube Uo (in the case when we have more than one critical orbits at level (/ — c), we 
choose disjoint Morse-tubes about them). This way we will not influence relative 
transverse intersections that have already been established in previous steps. 

Notations: At a point x E O let Sx , S~ , denote the spheres with radius e < e* 
(about the origin) in subspaces J-x, -L^, -L^ respectively. Let B =-Lx (e*) denote 
the e*-disk about the origin of J-x- As for the rest of this paper we will work in 
ball B, we can (ab)use notation by denoting the trajectory of vector field 

X\b := dVo\X\uo)=grs^d{forjo) 
through point p & B hy Xp. 

Fix X e O and drop it from the subscripts. Let G := Gx be the isotropy 
subgroup at x and choose an invariant open neighborhood 

Ty — T^xC VoHf~\c - e) n Uo)n Lx 

of outbound shpere S~ := S~ . Then u is partitioned by the orbit types of action 
G X v ^ v as 

V = U Va 
[x] 

For a subset Z C i' and an orbit type [x] :< a lei ■= Z f\ he the a-part of 
set Z in orbit type Va- Let {Oi, ■■■,Ok} denote the set of critical orbits that are 
connected with O by a trajectory of X and reside below critical level c. Set 

s,- := J. n vo\w+^ n C/o), S := .U E,- 

Observe: that the intersection Wq n Wj~ is relative transverse (with respect to 
the partition M = U Ma) if and only if for all orbit types a preceeded by 

[x] the intersection 5" n (Sj)a is transverse in submanifold Va- Recall notation 
Ux ■= VoiB) and choose a point p gUxCi Wq n Wj~ n Ma- We have 

Tp{Wo)a + Tp{Wf)a = Tp{Wo n Ux)a + TpiWf n Ux)a + TpG{p) (5) 
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thus Tp{Wo)a + Tp{W+)a = TpMa if and only if 



a 



This means that it is enough to ensure relative transversality of intersection S flSj 
with respect to v. 

Strategy of proof: first we will construct the perturbing vector field on ball B, then 
we extend it along the G-action to a vector field on ±o (e*), finally we push it 
forward along Morse coordinate system rjo :-Lo (e*) Uo- We will proceed by 
induction on the level of orbit types of action G x ^ . In the sequel "level" 
will always be meant in this sense. We will use the same method to perturb vector 
field X for both the base step and the induction step, so by induction suppose 
that we need to define the perturbing vector field for orbit type a and we are done 
with all orbit types at lower levels. We can presume Ga C G. Then the fixed 
point set of orthogonal action Gq,x J.^.— >_L^ is a linear subspace 

V = V- (BV+ 

where V- C-L^, V+ C±+ and dim{V-) ^ 0. 

Note, that the normalizer Na of subgroup Ga C G acts on linear subspace V as 



:— [V less the points that are fixed by a group strictly larger than Ga] 

Let Q* be an a-slice for action Na x V~ V~ such that it is a union of (open) rays 
in V~ (thus it is a cone C{Q*r\S~) over a-slice Q*r\S~ for action NaX S~ . 
Let C be a small disc about the origin. Then Q* © Z?+ is an a-slice of 
action Na x V ^ V and also for action Gx ±x^-Lx, thus 



is an a-slice for action G x v ^ v. This leads to the following conclusion, which 
is crucial for the proof: 



which is a product of Q** and the fiber. We will call such a slice a product slice 
associated to Q** and its image under G (i.e. the union of paths through its points) 
is the G-extension of the associated slice. 

Level-0 orbit types are compact, so are their projections to orbit space M. 
In the base step of induction we define the perturbing vector fields along these 
projections and then we will lift them into invariant vector fields defined on M . 
This is done in complete analogy with the non-equivariant case (see Smale Q). 

Remark: We could have chosen to work out the whole reasoning in the orbit 
space, lifting the resulting vector fields (isotopies) to M afterwards. In spite of 
the simplicity of some parts of this path of reasoning, other technical difficulties 
would have arisen (e.g. the quotient space V is not a linear space, etc). 



well as on 



{Q* ®D+)r\u 




S there exists an a-slice 
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Construction of the stratified cover: first we choose a family of a-slices 

Qf''*cS-nV- (i = l,...,fc„, j = l,...,n,...) 
for the action 

GxS- ^S- 
together with associated product sHces 

so that 

Intersections 

will be a-slices for action 

G X I' ^ ly 

so if Hq, is the normal bundle oi Va C v then with the aid of a small disc bundle of 
we can define a stratified cover 

of the a-part fa (the cover is taken in f). Choose a smaller disk D'+ c and 
fix compact subsets 

With e' <e define 

:= {9 G Ap I p G Qf'' and c - e < /(?) < c - e'} (6) 
:= {g G Ap I p G i^j"'-' and c - e < /(g) <c-e'} (7) 

The a*'' step will consist of ka substeps so that in the i^^ substep the support 
of the perturbing vector field is contained in the extension 

g(.uQ^")^') {i = l,...,ka) 
The following observations can be made: 

Observation 2. The perturbed vector field remains the same on lower level strata, 
so does the transversality of intersections fl S/3 (/? ^ a) (that have already 
been established by induction). 

Observation 3. By the fact that transverse intersections are stable under small 
perturbations of class C^, in each sub-step we can choose the perturbing vector 
field to be so small that it will not destroy transverse intersections that had already 



10 



IMRE MAJOR 



been established in previous sub-steps. Thus it is enough to describe the i sub- 
step, or, as the domains 

are pairwise disjoint, it is enough to describe how to modify X within one such 
domain. 

Observation 4- The bound we imposed in the Theorem divided by the total number 
of sub-steps (i.e. 



provides a bound we should use in formula (4) in each sub-step. 

Observation 5. For each triple (a,i, j) there is a bound £j"'*'' so that if in the i^^ 
sub-step we choose the perturbing vector field with C^-norm measured on domain 
Qj"'*'' smaller than then its C^-norm defined by formula (4) is smaller than 

e' (this is a well-known fact that follows from relative compactness of the domains, 
see e.g. Sternberg ||^.) 

Observation 6. The major difficulty is to ensure that after the final step we end 
up with a vector field. This will give us additional conditions on the size of 
perturbation we can make in each sub-step. These conditions are described in the 
Lemma below. 



By the above observations it is enough to show that for arbitrary indices (a,i,j) 
(that we fix and drop, using notation e" :— e^"'''*) the following holds: 

Proposition 2. Given a domain Q — Qj"''' with compact subset K ~ i^j""*'' and 
e" > there exists an invariant vector field Y with support in GQ such that: 

(i) Vector field X+ dr/o(F) is also gradient like for G-Morse function /. 

(ii) ||y||i.Q < e" (i.e. the C^-norm on GQ is smaller than e".) 

(iii) The intersection 

(notations stand for objects of the flow of vector field X\b + Y) is transverse 
in orbit type i^q., thus by formula (5) intersection 

[Wo n GK n Ma] n [w^, n Gk n m^] (8) 

is transverse in orbit type Ma for any other critical orbit O' . 

Proof: dim(V^+) = implies Va — thus transversality of intersections in formula 
(8) follow trivially. 

Otherwise note that V fl Sj is the fixed point set of subgroup Gq, C G for the 
action G x ^ Ej , thus it is a submanifold of Sj . Let Q* be an a-slice at point 
p e Sj- n V-{= n S-) for action 7V„ x (T/ n E^) ^ (T^ n Ej). Then V; := TpQ^ 
is an afline subspace of V , so it splits into the sum 
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where V*~ := V*nV~. Intersection {'Ej)anS~ is a-transverse iff dim(l^*+)=dim(F+), 
or in other words if the origin is a regular value of the projection to the second 
factor 

(see also formula (5)). 

By Sard's theorem the set of critical values of the above projection is of 
measure-0 for j ~ l,...,k thus the same holds for their union. This means 
that we can choose an arbitrarily small vector v £ so that the constant sec- 
tion C{K^"'''" © v) n i'q, intersects {'^j)a a-transversely (i.e., relative to Pa) for 
j ^l,...,k. 

Choose cutoff function 

: Qf^" ^ [0, 1], HK^f^n = 1, Bupp(0) C Q^-'" 

and let Hd be an isotopy of disk £)+ which moves the origin into v and fixes a 
neighborhood of the boundary. Define isotopy 

H : {Qf-'"®D+) X [0,1] ^ Qf-'"®D+, H((p,w),t) = [p^Hoi^^mt) 

Using rays this defines an isotopy of set C(Q^"'''" © D^) n v. An application of 
the argument in Milnor (Q, pp. 42-43) to the restriction Xb\f where 

F:={qe\p\pe CiQ^f^''" (BD+)niy and c - e < f{q) <c-('} 

produces a vector field Y* which is tangent to F so that the difference between 
moving along the flow-Hnes of vector fields Xb\f and Xb\f + Y* shows up in the 
application of map Hi on level set (/ — c — e). Let Y be the extension of Y* 
along the action onto set GF. This set is an open subset of the a-part Bq, of disk 
B (e*). 

For a (5 > choose cutoff function 

: [0, S] ^ [0, 1], m = 1, m = (0), ^ < 0. 

Let Nq be the normal bundle of the a-part B^ C B (taken in ball B). Consider 
the Levi-Civita connection of the Euclidean metric on vector bundle Nq and let 
Y' be the horizontal lift of Y (i.e. a vector field on Nq with vertical components 
= at each point so that d7r(y |p) = F|^(p)). Let 

r = exp,(V'(||z;||)y'|„) (i^eN,) 

and extend Y via the action onto tube Uq- Let Y be the vector field outside of 
set Gexp(NQ(5)|g,^). Then clauses (i) and (iii) hold for vector field Xb + Y (its 
restriction to a smaller neighborhood of critical orbit O is gradient-like for /). 

As in Definition 5., choose a coordinate system (a;^, . . . ,a;"'°) on a-slice 
Q(a),«* -QJr Use G-Morse function / as the first coordinate . As in clause 
(iv) of Definition 5., fixing an orthonormal frame bundle on N^jj? introduces 
further coordinates . . . , a;™°+™° . Finally, supplementing these with the 

coordinates in formula (2) provides a finite family of coordinate charts on invariant 
open set GQ. Note, that only the first ma + vn^ coordinates of vector field Y 
are non-zero and the coordinates themselves are bounded by ||v||. By relative 
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compactness of set Q"" we can choose an upper bound N for the absolute value 
of the derivatives of cutoff functions (p and tp. Then 

wiU serve as an upper bound for the absolute values of the first derivatives of 
coordinates of vector field Y. This shows that by choosing ||v|| small enough, one 
can arrange that clause (ii) of our Proposition holds as well. I 

Differentiability of the final vector field can be ensured by choosing ||v|| ac- 
cording to how close the domain Q^"^'* is from the boundary of Ba- Let 

Fr(B„) := \ B„ 

be the frontier of orbit type -B^ and let d stand for the Euclidean distance on ball 
B. Then, by relative compactness of set Qj"^'** in Sa, the distance 

dij := rf(G05"^'\Fr(B„)) >0 



In the i"^ substep the components of supp(y) are contained in subset 

U GQ^-- 

By invariance it is enough to prove differentiability of restriction Y\b- By con- 
struction, y is a smooth vector field in a tube about a-part Ba (i.e. on a set 

exp(N„(C)) 

where N„(C) is an appropriate disk bundle of the normal bundle of B^ C B) 

and Y is the zero vector field outside of this tube. This shows that we can have 
problems with differentiability of vector field Y only at the points of the frontier 
Pr(B„). We will prove that imposing an additional condition ensures that vector 
field Y is of class at points of Fr(i?„). We will formulate this condition by 
utilizing the fact that -B is a Euclidean disk, thus its tangent bundle is trivial by 
natural identification 

TB = S X R" 

(n=dim(B).) This way we can look at vector field Y\b as a map 

Fs : B ^ R" 



Lemma. Vector field Y is of class whenever 

<4 {qeQf'\ i = i,...,fc«, ieN) 

Proof A point q SFr(i?a) belongs to q € Bp for some orbit type (3 ^ a. By 
definition Y is differentiable at point q if 

ii.n"^y-yii=o (9) 

P^q \\p-q\\ 
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Value Y{q) = for points of the frontier, thus Y{p) ^ implies that -p G GQ^"^'^ 
for some indices i e {1, . . . , ka}, j G N. But then 

\\Yip)\\<d^^<\\p~qr 

thus the limit in formula (9) is indeed 0, together with the limit of the first partial 
derivatives of Y. I 

Remark: The proof of the lemma has been built heavily on the Eucledian structure 
on disk B. In a general setting a somewhat more complicated proof would work: 
one considers the isotopy induced by time-dependent vector field 

Yt-.^my (ie[o,i]) 

where ^ : [0, 1] [0, 1], ^[0, e) = is some cutoff function. One puts the analoguos 
condition on the displacement of this isotopy (measured in the metric distance on 
B). Then a similar argument proves that the isotopy is of class C^, consequently 
vector field Y is also of class latex GSM.txtC^. 

This paper is an improved version of Chapter 3. of my Ph.D. thesis ||^. I wish 
to express my gratitude to my advisor, Professor Dan Burghelea for his help. 
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